Abstract. We show the uniqueness of left invariant symplectic structures on the affine Lie group A(n, R) under the adjoint action of A(n, R), by giving an explicit formula of the Pfaffian of the skew symmetric matrix naturally associated with A(n, R), and also by giving an unexpected identity on it which relates two left invariant symplectic structures. As an application of this result, we classify maximum rank left invariant Poisson structures on the simple Lie groups SL(n, R) and SL(n, C). This result is a generalization of Stolin's classification of constant solutions of the classical Yang-Baxter equation for sl(2, C) and sl(3, C).
Introduction
The purpose of this paper is to show the uniqueness of left invariant symplectic structures on the affine Lie group A(n, R), and as its application, to classify maximum rank constant solutions of the classical Yang-Baxter equation for two simple Lie groups SL(n, R) and SL(n, C), which gives a partial answer to the question posed by Liu and Xu [7, p.36] .
It is well known that the even dimensional Lie group A(n, R) defined by
A(n, R) = A v 0 1
A ∈ GL(n, R) v ∈ R n admits a left invariant symplectic structure, and its structure is described by several types of symplectic forms (cf. [2] , [3] , [8] , [9] , [10] ). In this paper, we first prove that they are essentially equivalent. More precisely, we show that any left invariant symplectic structure on A(n, R) is equivalent to any other such structure under the adjoint action of A(n, R). For general Lie groups G, it is well known that the exact 2-form dα (α ∈ g * ) gives a left invariant symplectic structure on G if and only if the coadjoint orbit of α is open in g * (cf. [8] ). This fact implies that, in the case H 2 (g, R) = 0, left invariant symplectic structures on G (provided they exist) are locally rigid under the adjoint action. But it does not imply the global rigidity (= uniqueness) because there may exist a different type of symplectic structure situated outside of the coadjoint orbit of dα. And to show the global rigidity, we need a more delicate algebraic device fitted to the group structure of G, which is in general quite difficult to find.
In the case of A(n, R), we already know the vanishing of the second cohomology H 2 (a(n, R), R), where a(n, R) is the Lie algebra of A(n, R), and hence, any left invariant symplectic structure on A(n, R) is exact. For this group, we prove the global rigidity by showing unexpected identities concerning the Pfaffian of the skew symmetric matrix naturally associated with a(n, R) (Lemma 2). Precisely, we show that in terms of these identities, the non-degeneracy of the exact 2-form dα is equivalent to the non-degeneracy of a certain matrix g α which is canonically determined by α ∈ a(n, R)
* . In addition, we show that the coadjoint action of this matrix g α ∈ A(n, R) transforms the exact symplectic form dα to the standard one which we fixed in advance. And these facts imply the uniqueness of left invariant symplectic structure on A(n, R). To construct the matrix g α , we use matrices appearing in Cayley-Hamilton type theorem.
As an application of this result, in the second half of this paper, we classify maximum rank left invariant Poisson structures on the Lie groups SL(n, R) and SL(n, C) (cf. [1] , [2] , [13] ). It is known that left invariant Poisson structures on a Lie group G correspond to constant solutions of the classical Yang-Baxter equation, which also correspond to the pairs consisting of Lie subalgebras of g and non-degenerate 2-cocycles of them (cf. Proposition 4). In this standpoint, Belavin and Drinfel'd [2] gave an example of a constant solution of the classical Yang-Baxter equation for SL(n, C) and GL(n, C) with rank = n(n − 1). But the complete classification of solutions for these groups seems hopeless as stated in [2, p.179] because there are too many degenerate low rank solutions. In this situation, it is a natural and fundamental problem to determine which is the most generic (= highest rank) solution of the classical Yang-Baxter equation. The second main purpose of this paper is to give the answer to this question for two simple Lie groups SL(n, R) and SL(n, C).
We first show that the maximum rank of solutions of the classical Yang-Baxter equation is n(n − 1), namely, the solution constructed in [2] is of maximum rank. We prove this fact by using Dynkin's classification of subgroups of classical Lie groups [6] . Next we classify such maximum rank solutions under the action of the adjoint groups or more generally the action of the automorphism groups of Lie algebras. The results for SL(n, R) and SL(n, C) are summarized in Theorem 3 and Theorem 6, respectively. In particular, for both groups, the maximum rank solution is uniquely determined under the action of the automorphism groups of Lie algebras. This result for SL(n, C) may be considered as a generalization of Stolin's classification of constant solutions of the classical Yang-Baxter equation for sl(2, C) and sl(3, C). To prove these theorems, we use the facts that the maximum dimensional proper subalgebra of sl(n, R) is isomorphic to a(n − 1, R) (Proposition 5), and the uniqueness of left invariant symplectic structures on it which we prove in section 2.
For other simple Lie groups, the examples of high rank constant solutions of the classical Yang-Baxter equation were known only for a few cases. Concerning this problem, in the paper [1] , we constructed a non-trivial high rank solution of the classical Yang-Baxter equation for each classical non-compact simple Lie group. And as a next problem, it is desirable to decide whether the global rigidity also holds for these groups, as in the case of SL(n, R) or SL(n, C).
Left invariant symplectic structures on A(n, R)
Let A(n, R) be the affine Lie group defined in Introduction. The first purpose of this paper is to show the following theorem.
Theorem 1. The Lie group A(n, R) admits a unique left invariant symplectic structure under the adjoint action of A(n, R).
We first explain the explicit construction of a left invariant symplectic structure on A(n, R), following [2] . The Lie algebra of A(n, R) is expressed as
and it is known that the second cohomology group H 2 (a(n, R), R) vanishes (cf. [3] , [8] , [9] ). Hence, any left invariant symplectic structure on A(n, R) is exact. Let E ij be the matrix such that the (i, j)-component is 1 and other components are all zero. Then, {E ij } 1≤i≤n,1≤j≤n+1 forms a basis of a(n, R). We denote by {E * ij } its dual basis, and put
Then, the 2-form ω is nondegenerate and gives a left invariant symplectic structure on A(n, R) (cf. [2] ; this fact can also be verified by using Lemma 2 (1) below). As we stated above, any left invariant symplectic structure on A(n, R) is exact, and hence to prove Theorem 1, we only need to show the following fact: If −dα is non-degenerate for α ∈ a(n, R) * , then there exists an element g ∈ A(n, R) such that (Ad g)
* is the dual map of Ad g : a(n, R) → a(n, R). (In the following, we often say that α ∈ a(n, R) * is non-degenerate in case −dα is non-degenerate.)
To prove the above fact, we first define the polynomials depending on an (n, n)-matrix A as follows. Let {ε 1 , · · · , ε n } be the eigenvalues of a matrix A, and put
Note that f k (A) is invariant under the adjoint action of GL(n, R). Next, we put
Clearly, from Cayley-Hamilton's theorem, we have ϕ n+1 (A) = 0. Now, we express α ∈ a(n, R) * as
and define the (n + 1, n + 1)-matrix g α by
where A = (a ij ) and
We rearrange the basis of a(n, R) as
Then, the following key lemma holds. Theorem 1 follows immediately from this lemma. 
Lemma 2. (1) The Pfaffian of the skew symmetric
To prove (#), we consider the complexified version of this equality, i.e., we assume that α ∈ a(n, C) * , A ∈ gl(n, C) and b ∈ C n . Under this situation, we consider the coadjoint action (Ad g) * (g ∈ GL(n, C) ⊂ A(n, C)) on both sides of the equality (#). If α ∈ a(n, C) * corresponds to the pair (A, b) ∈ gl(n, C) ⊕ C n , then the element (Ad g) * α corresponds to the pair ( t gA t g −1 , t gb). Hence, by this action, the right-hand side of the equality (#) is multiplied by
On the other hand, by the same action, the matrix (α(
Hence, the left-hand side is multiplied by | Ad g | 2 , where Ad g : a(n, C) → a(n, C). The map Ad g preserves both subspaces gl(n, C) and C n in a(n, C), and it is easy to see that
Hence, both sides of the equality (#) are multiplied by | g | 2 under the action of (Ad g) * . Then, since generic elements A ∈ gl(n, C) are transformed into diagonal matrices by an adjoint action of GL(n, C), we only need to show the above equality (#) in the case A is a diagonal matrix. Express A = diag (a 1 · · · a n ), and we show that both sides are equal to
We first compute the determinant of the skew symmetric (n(n + 1), n(n + 1))-matrix (α([X i , X j ])). For this purpose, we only need to consider the bracket operations of a(n, C) which take values in the subspace E ii , E j,n+1 ⊂ a(n, C) because A is diagonal. These are essentially exhausted by
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use
INVARIANT SYMPLECTIC STRUCTURES 2757
and by using this fact, the matrix (α([X i , X j ])) is symbolically expressed as
Hence, by considering this table, the determinant of (α([X i , X j ])) is equal to
Next, for the right-hand side, we have
for any α, and from Vandermonde's formula, this value equals
Therefore, the desired equality in Lemma 2 (1) holds.
(2) Assume g α is non-singular. Then, the right multiplication R gα : a(n, R) → a(n, R) gives a linear isomorphism. Hence, we only need to prove the equality for matrices of the form
it suffices to show the equality
for X ∈ gl(n, R) and v ∈ R n . We first consider the case X = E ij and v = 0. In this case, we have
where K is a matrix such that the j-th column is equal to the transpose of the i-th row of the matrix (ϕ n (A)b · · · ϕ 1 (A)b), and other columns are all zero. Hence, the left-hand side of the equality (##) is equal to the i-th component of the vector
On the other hand, the i-th row of the matrix
) and other rows of this matrix are all zero. Hence, the right-hand side of (##) is equal to
But, from the definition of ϕ k (A), we have clearly
Therefore, both sides of the equality (##) take the same value.
Next, we consider the case X = 0 and v = e i , where {e 1 , · · · , e n } is the canonical basis of R n . In this case, it is easy to check that both sides are equal to the i-th component of the vector b, and this completes the proof of Lemma 2 (2).
Remark. (1) From this lemma, we know that non-degenerate 1-forms α form an open dense orbit in a(n, R) * , which implies that the pair (A(n, R), a(n, R) * ) is a (reducible) prehomogeneous vector space (cf. [12] ).
(2) We can easily show that the element g ∈ A(n, R) satisfying (Ad g) * α 0 = α is uniquely determined for each non-degenerate α. In fact, if g ∈ A(n, R) satisfies the equality (Ad g) * α 0 = α 0 , then by the same method stated at the beginning of the proof (2), we can show that g = I n+1 . We use this fact in section 3.
(3) In [3] , Bordemann, Medina and Ouadfel gave several conditions on α such that −dα is non-degenerate. From the above proof, it follows that −dα is nondegenerate if and only if
and this condition just coincides with the second condition of Theorem 2.5 in [3, p.429]. Clearly, the equality
gives the defining equation of the algebraic set consisting of degenerate α's. Nondegeneracy of α 0 = E * 12 + · · · + E * n,n+1 follows immediately from this fact. In addition, from the above proof, the 1-form defined by
gives a left invariant symplectic structure −dα on A(n, R) if and only if a i = a j (i = j) and b j = 0. This example is nothing but the one stated in [3, p.430-431] . (4) It is desirable to show the equality in Lemma 2 (1) by purely algebraic methods, not depending on the topological argument. But unfortunately, we do not know this type of proof at present.
Left invariant Poisson structures on SL(n, R) and SL(n, C)
As an application of Theorem 1, we prove the following theorem.
Theorem 3. Assume n ≥ 2. Then, the maximum rank of left invariant Poisson structures on the Lie group SL(n, R) is n(n − 1), and under the adjoint action of SL(n, R), the number of equivalence classes of maximum rank left invariant Poisson structures on SL(n, R) is
These Poisson structures are mapped to each other by the automorphism group of the Lie algebra sl(n, R).
Before the proof, we briefly review some definitions and properties on left invariant Poisson structures on a general Lie group G with Lie algebra g. For details, see [14] , [1] . A left invariant Poisson structure on G is defined by the left translation of a 2-vector π ∈ ∧ 2 g which satisfies the classical Yang-Baxter equation G and the set of pairs (g , ω) where g is an even dimensional subalgebra of g and ω is a non-degenerate 2-cocycle of g . Under this correspondence, the equality rank π = dim g holds.
For the explicit correspondence, see [4] , [1] . We can easily see that this correspondence is Ad G-equivariant. In the following, we divide the proof of Theorem 3 into two steps. First, we classify maximum dimensional proper subalgebras of sl(n, R) under the adjoint action of SL(n, R), and next, classify non-degenerate 2-cocycles (= left invariant symplectic structures) of these subalgebras. We first prove the following proposition, by using the results of Dynkin [6] .
Proposition 5.
The maximum dimension of a proper subalgebra of sl(n, R) is equal to n(n − 1). And in the case n ≥ 3, any n(n − 1)-dimensional subalgebra of sl(n, R) is conjugate to
under the adjoint action of SL(n, R). These two subalgebras are not conjugate by this action, but are mapped to each other by the outer automorphism X → − t X. In the case n = 2, any 2-dimensional subalgebra of sl(2, R) is conjugate to the above g 1 . These subalgebras are all isomorphic to the affine Lie algebra a(n − 1, R) (n ≥ 2) and admit left invariant symplectic structures.
Proof. In [6] , Dynkin classified maximal subgroups of classical complex simple Lie groups. From his results, we know the following facts: There are three types of maximal complex subalgebras of the Lie algebra sl(n, C):
(a) reducible maximal subalgebras, (b) irreducible non-simple maximal subalgebras, (c) irreducible simple maximal subalgebras. From Theorem 1.1 in [6, p.252] , it is easy to see that the largest dimension of the subalgebras of type (a) is n(n − 1), and these subalgebras admit a 1-or (n − 1)-dimensional invariant complex subspace of C n . It is also easy to see that the dimensions of the subalgebras of type (b) ([6, p.253]) are smaller than n(n − 1). As for the subalgebras of type (c), we can see that the dimensions of these subalgebras are smaller than n(n − 1) by checking low dimensional irreducible representations of sl(k + 1, C), o(4k + 2, C) and the exceptional Lie algebra E 6 . (See [6, p.253-255] .) Combining these results, it follows that the maximum dimension of proper complex subalgebras of sl(n, C) is n(n − 1), and these subalgebras admit a 1-or (n − 1)-dimensional invariant subspace. Now, assume n ≥ 3, and let g be an n(n − 1)-dimensional real subalgebra of sl(n, R). (A real subalgebra of this dimension actually exists.) Then from the above fact, g is the maximum dimensional subalgebra and the complexification g C admits a 1-or (n − 1)-dimensional invariant complex subspace of C n . Then by an elementary argument, it follows that the action of g on R n is reducible. By using the assumption dim R g = n(n − 1), we can easily see that g must be expressed in the form g 1 or g 2 in Proposition 5 if we suitably change a basis of R n . The verification of the statement for sl(2, R) is straightforward, and the remaining statements in Proposition 5 are almost trivial. For example, the subalgebra g 1 is isomorphic to a(n − 1, R) by the isomorphism sp(1, 1) admits several 6-dimensional subalgebras. But, we can show that they never possess left invariant symplectic structures, and the maximum of rank π is 4 for this Lie algebra. (See [1] .)
